Chapter 2 Elements of Fourier Optics or Physical Optics
Peter Eschbach

In the 1800’s Carl Zeiss commissioned Ernst Abbe to improve the microscopes of the day.
Abbe’s first attempt was a failure as he tried a small aperture system. 1 (C.S. Adams, 2019) Abbe reported
that diffraction was the issue and upon trying a larger diameter system he had much success. He then was
able to report the Abbe diffraction limit or a spacing of the diffraction pattern he observed by considering
two plane waves incident on the lens as in figure 2.1 below.

Figure2.1 Interference of two plane waves and resulting diffraction pattern. Intensity has a period proportional to lambda and
inverse in sin(α (C.S. Adams, 2019)). The lens has a diameter D and a focal length f.

From figure 1 above we see that the spacing of the observed diffraction pattern projected by the lens is
proportional to the wavelength of light (electrons for a magnetic lens). This is an intuitive result. But,
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what might not be so intuitive is the inverse relationship on the angle α. But what is the angle alpha?
For relatively small angles:
Sin(α) = tan(α) ~ α.
And so,
sin(α) ~ D/2f
Where D and f are diameter and focal length of the lens respectively.
Plugging this value of alpha into the spacing we obtain the more familiar result:
Period or spacing of the diffraction peaks = λf/D.
This is a more familiar result that Abbe discovered, bigger lens has a diffraction pattern with finer
spacing (less pronounced). And the focal length divided by diameter will strike a familiar chord with
photographers. Lenses with small focal length to diameter ratios are “fast lenses.” Fast lenses in
photography are big, or in the vernacular “lots of glass.” Small f/D lenses are also found in the objective
lenses on optical microscopes as they produce the finest diffraction limited result, finest spacing
between fringes. But, this result is only obtained by considering the wave properties of light, not the
realm of geometrical optics.
The important result of Abbe diffraction limit was obtained by just two plane waves coming in at the
same angle. What happens to the phase or the spatial frequency when we change incident angle?
Figure 2.2 below provides some clues.

Figure 2.2 Electromagnetic wave incident on an interface. Low angle in top figure higher angle in bottom figure. Components
are dependent on angle as we will see below.

From the lower figure the components of the E field are resolved and
Sin(π/2-Ѳ) = E y /E.
But, sin(A±B) = sin(A)cos(B) ± cos(A)sin(B).
So Sin(π/2 – Ѳ) = sin(π/2)*cos(Ѳ) –cos(π/2)*sin(Ѳ).
But, cos(π/2) = 0. So we have
Cos(Ѳ) = E y /E
Similarly, Sin(Ѳ) = E x /E
What is the point of this? Clearly the magnitude of the Electric field components change with angle but
does the phase change?
Phase = k∙r – wt .
But k∙ 𝑟𝑟 = k x x + k y y

Inspection of the figure above shows that k y = ksin(Ѳ). That is the phase also depends upon angle. We
use the plane waves of different angles as building blocks for more complicated incident electric fields.
These fields will have spatial frequencies or k components given as u and w below,
u = sin(Ѳ)/λ and v = cos(Ѳ)/λ.

And for a lens system sin(Ѳ) = x/f and cos(Ѳ) = y/f.

So for a lens, the spatial frequencies are now,
u = x/fλ, v = y/fλ.

How do these spatial frequencies relate to resolution? From figure 1 we observed that the
interference fringes have a spacing that is inverse in the angle, alpha. As alpha increases the fringe
spacing, limit of our resolution, gets smaller and we can resolve finer features. Combining this with our
new knowledge of spatial frequency, we say that large alpha are high spatial frequencies. That is large
alpha corresponds to a maximum in the phase along the y direction as in figure 2. We now redraw
figure 1 with a variety of angles to better illustrate what low vs high spatial frequency directions are and
this is seen in figure 2.3 below.

Figure 2.3 Illustration of many possible angles entering a lens. In this case we use the Oblique ray method to find the conjugate
point M' for an object at M.

In figure 2.3 above, we have more practical situation of non-parallel illumination on a lens. The
conjugate point, of M is called M’ and is where the light emitted from M hitting the lens at its max
diameter will end up. The method of the Oblique ray is described in optics texts. 2 Often in a real lens
situation we have a distribution of angles between 0 and theta and the image formed will be quite
complex-will not end up as point as it did in the simple parallel illumination examples of chapter 1.
Note, that to get the maximum resolution, according to the discussion of figure 2.1, we will need the
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high spatial frequency components, Diameter of the lens maximum with focal length minimized. Or I
the language of Fourier optics, we solve complicated optics problems by summing up many (actually
infinite) plane waves with many high spatial frequency components.
A note needs to be made about plane wave superposition and Huygens’s principle. Plane waves
are infinite in extent and so do not conserve energy. In Huygens principle the ‘wavelets” are actually
spherical, diverging waves not plane waves and they do conserve energy. In Fresnel theory we get
around this unphysical situation of the plane wave by using spherical waves of Huygens by putting a
radial dependence in the denominator.

E =( E 0𝑒𝑒 −𝑖𝑖𝑖𝑖𝑖𝑖 )/ikz

Note that we are in the regime z>>λ , so that k∙ 𝑟𝑟 = 𝑘𝑘𝑘𝑘.

We are also in a paraxial regime that is not far from the optical axis.
In the paraxial regime:

r p =z +

�𝑥𝑥−𝑥𝑥 ′ �^2+�𝑦𝑦−𝑦𝑦 ′ �^2

.

2𝑧𝑧

We do that now with the method developed by Fresnel. Fresnel wrote an infinite sum or integral for
the electric field at a distant point (z) from the lens.
E(𝑥𝑥, 𝑦𝑦, 𝑧𝑧)

=

𝐸𝐸0

∞

𝑑𝑑𝑑𝑑′𝑑𝑑𝑑𝑑′𝑡𝑡(𝑥𝑥 ′ , 𝑦𝑦 ′ )𝑒𝑒 𝑖𝑖𝑖𝑖𝑟𝑟𝑝𝑝
∬
−∞
𝑖𝑖𝑖𝑖𝑖𝑖

Again, r p is the paraxial distance, or terms higher order than (x-x’)2 and (y-y’)2 are ignored. And t(x’,y’) is
the aperture function.

The Fresnel integral, some over Huygens wavelets, gave correct results for optics problems of the 18th
century and lead to the Fresnel lens in lighthouses such as the Yaquina Head lighthouse just north of
Newport Oregon. The Fresnel lens saved a great amount of glass and cost in lighthouse lenses as it is
comprised of waves of glass to give it the focusing power. A photo of a Fresnel lens from my own
historic railroad lantern that hangs in my backyard is below in figure 2.4.

Figure 2.4 Fresnel lens in an old railroad lantern in author’s backyard with its characteristic wavy glass pattern. The wavy glass
pattern produces diffraction from the Fresnel zones and subsequent focusing power.

The Fresnel integrals are often not analytic, exact solution does not exist for complicated aperture
functions but they have been tabulated and or solutions can be graphically obtained from the Cornu

spiral, see for instance Hecht and Zajac 3. As a final note, Fraunhofer diffraction is a special, far field,
approximation of the Fresnel diffraction integral. The Fresnel integral, superposition of spherical waves
should be used when it is convenient, an alternative is the sum over plane waves or Fourier method
discussed next.
We have already discussed the angular or spatial frequency and even solved a problem with the sum of
two plane waves in figure 2.1. Now we generalize the sum over plane waves approach, Fourier optics to
an infinite sum over plane waves of different spatial frequency. We follow the steps outlined in Adams
and Hughes. 4 We write the Fresnel integral in the form of a Fourier transform so that we can make use
of the many known properties of Fourier transform pairs and they convolution and inverse convolution
theorems.

Ef =

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

FT{f(x’,y’)}(u,v)

Where Ef is the electric field at the focal point of a lens. And with f as the position, z, the paraxial
approximation is
R = f + ρ2/2f.
To make use of the inverse convolution theorem we split the aperture function, f(x’,y’) into a product of
the incident filed and the transmission through the lens
f(x’,y’) = f i (x’,y’)t(x’,y’) and therefore with the inverse convolution theorem
Ef =

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

FT{f i (x’,y’)}(u,v)⨂FT{t(x’,y’)} and the symbol, ⨂, is a convolution as given by texts on

mathematical physics such as Arfken. 5 For compactness and being able to solve problems with modules
or of things we have solved before we define the point spread function, psf(u,v). For those with
mathematical physics background the
solution to the focal point.

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

term is the familiar Fresnel propagator and moves our

Psf(uv) = FT[t(x’,y’)]. And with this modular definition we now have,
Ef =

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

FT{f i (x’,y’)}(u,v)⨂psf(u,v). Equation 2.1

The point spread function is known for many apertures and lenses, and so we just write down half of the
answer! For example, for a single lens of diameter D, the point spread function is the “Jinc,” function or
the Besssel function analogy of the “Sinc” function.
The psf(u,v) =

𝜋𝜋𝜋𝜋^2
4

Jinc (

𝜋𝜋𝜋𝜋√𝑢𝑢2 +𝑣𝑣^2
𝜆𝜆𝜆𝜆

).
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So, then it is a matter of performing the convolution integral which is then pretty straightforward and an
example of that is given later in this chapter. After the convolution or folding operation, the final
answer generally looks like a slightly broader version of the point spread function itself. As discussed in
Adams and Hughes, the width of the point spread function dictates the finest observed features in the
final image.
Now let us examine some straightforward situations to gain a better feel for all of this high
powered mathematics. And in so doing, try to convince you that it is all worth it. First let’s consider a
simple one dimensional plane wave incident on a lens:
F i (x’,y’) = 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖′ . For that simple plane wave the Fourier transform is the simple delta function,

FT{𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖′ } = δ(u). And the convolution is a simple integral over the delta function and we have for the
plane wave upon a lens:
Ef =
=

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

∞

∫−∞ 𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽(

𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽(

𝜋𝜋𝜋𝜋√𝑢𝑢2 +𝑣𝑣 2

𝜋𝜋𝜋𝜋√𝑢𝑢2 +𝑣𝑣 2
𝜆𝜆𝜆𝜆

𝜆𝜆𝜆𝜆

)𝛿𝛿(𝑢𝑢 − 𝜖𝜖)𝑑𝑑𝑑𝑑

). And so the convolution did not blur the response due to the “sifting” property

of the delta function. Note the spatial frequencies, u and v , are given by
u=

𝑥𝑥

𝜆𝜆𝜆𝜆

,v=

𝑦𝑦

𝜆𝜆𝜆𝜆

.

What does the “Jinc” function look like? The “Jinc” function is the first order Bessel function of x
over x and looks similar to the “Sinc” function. A simple program was written in Matlab and the “Jinc”
function plotted in figure 2.5 below.

Figure 2.5 The electric field at the focal plane of a lens. A plane wave was incident upon the lens and this Jinc function reveals
wiggles that are diffraction.

As seen above, the “Jinc” function reveals are first important result of Fourier optics, The electric field at
the focal plane has diffraction in it. We can immediately see that diffraction is a major culprit in the
resolution of the lens.
But, what is the angular resolution of a lens with Fourier optics? To get at this problem we
consider a case that often occurs in astronomy, we wish to resolve to distant objects separated by a
small angle theta. In astronomy the objects are so distant, when the wave fronts arrive at earth they are
more or less flat and so we can approximate them as plane waves as in figure 2.6 below.

Figure 1.6 The situation of light from distant planets striking the first lens in a telescope.

In direct analogy to the previous situation now we have the Fourier transform of two plane waves,
FT{𝑒𝑒

2𝜋𝜋𝜋𝜋𝜋𝜋1𝑥𝑥′
𝜆𝜆

+ 𝑒𝑒

2𝜋𝜋𝜋𝜋𝜃𝜃2 𝑥𝑥′
𝜆𝜆

}(u) = δ(u-Ѳ 1 /λ) +δ(u-Ѳ 2 /λ)

Where ΔѲ = Ѳ 1 -Ѳ 2 .

With the same point spread function as before-“Jinc(u)”, a circular lens of focal length, f, we have
Ef =

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖.𝑟𝑟
𝑖𝑖𝑖𝑖𝑖𝑖

{ δ �u −

Ѳ1
λ

� + δ �u −

Ѳ2
λ

Now we can set Ѳ 1 = 0 and Ѳ 2 = Ѳ
Ef =

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖.𝑟𝑟
𝑖𝑖𝑖𝑖𝑖𝑖

�} ∗psf(u,v)

Ѳ

{ δ(u) + δ �u − �} ∗psf(u,v)
λ

We now carry out the convolution integral with the “Jinc” function.
Ef =

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

∞

∫−∞ 𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽(

𝜋𝜋𝜋𝜋√𝜀𝜀2 +𝑣𝑣 2
𝜆𝜆𝜆𝜆

𝜃𝜃

){𝛿𝛿(𝑢𝑢 − 𝜖𝜖) + 𝛿𝛿 �𝑢𝑢 − − 𝜖𝜖�}𝑑𝑑𝑑𝑑.
𝜆𝜆

With the sifting property of the delta function we have
𝐸𝐸𝐸𝐸 =

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽(

𝜋𝜋𝜋𝜋√𝑢𝑢2 +𝑣𝑣 2
𝜆𝜆𝜆𝜆

)+

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽(

𝜋𝜋𝜋𝜋�(𝑢𝑢−Ѳ/𝜆𝜆)2 +𝑣𝑣 2
𝜆𝜆𝜆𝜆

).

As always we want the Intensity or Ef*Ef, complex conjugate
Intensity = Ef*Ef

𝐸𝐸02

= (𝜆𝜆𝜆𝜆)2 { 𝐽𝐽𝐽𝐽𝐽𝐽𝑐𝑐 2 (

𝜋𝜋𝜋𝜋√𝑢𝑢2 +𝑣𝑣 2
𝜆𝜆𝜆𝜆

) +2 𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽(

Adams and Hughes solution:
E f E f *= I 0

𝜋𝜋2 𝐷𝐷4

16𝜆𝜆2 𝑓𝑓 2

𝜋𝜋𝜋𝜋√𝑢𝑢2 +𝑣𝑣 2
𝜆𝜆𝜆𝜆

𝜋𝜋𝜋𝜋�(𝑢𝑢−Ѳ/𝜆𝜆)2 +𝑣𝑣 2

) 𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽(

𝜆𝜆𝜆𝜆

) + 𝐽𝐽𝐽𝐽𝐽𝐽𝑐𝑐 2 (

𝜋𝜋𝜋𝜋�(𝑢𝑢−Ѳ/𝜆𝜆)2 +𝑣𝑣 2
𝜆𝜆𝜆𝜆

)}, our solution.

Δ𝜃𝜃

Jinc2[πD{(u- )2 + v2}1/2 ] .
𝜆𝜆

Note that since u = x/λf, or dimensions 1/length the argument of the “Jinc” function is dimensionless as
it should be. This differs from the result given in the text by Adams and Hughes (C.S. Adams, 2019),
where they only give one “Jinc^2” or one Airy disk. Clearly, to form image of two stars from a distant
galaxy, we have to have at least two Airy disks and a cross product term in the middle that muddies the
situation. A plot of my result above is given in Matlab, figure 2.7 below.

Figure 2.7 Intensity from two distant plane waves of different angle upon a lens. Red Airy disk is displaced from the cyan disk by
theta, black is the cross product term seen in derivation above.

The Fresnel diffraction integral cast in the form of Fourier transform has lead us to a result
where the image of two distant objects in the focal plane is now characterized by two overlapping Airy
disks as we saw in figure 2.7; we ask what is the resolution of this simple optical system? From our
“Matlab” plots we find the first zero crossing at x = 3.84. And so we solve now for a resolution of this
value, that is one Airy disk peaking at the first zero of the first.
X 0 = 3.84 =
→

𝐷𝐷Ѳ
𝜆𝜆

=

3.84
𝜋𝜋

𝜋𝜋𝜋𝜋Ѳ
𝜆𝜆

.

= 1.22

Or the Rayleigh angular resolution limit is obtained,
Ѳ = 1.22λ/D.

The Fourier optics mechanism introduced is no doubt powerful but how does it relate to
electron microcopy? We will introduce some parallel terminology in electron optics as it relates to the
Fourier optics just introduced. In a TEM were are not solving for the electric field of the light wave but
rather the wave function of the electron as it traverses the many lenses. But, the mathematics is very
similar, construction of infinite series of plane waves or spherical waves –eg Fourier analysis, and a
Fresnel propagator. We just learned the point spread function, psf, how does that relate to the contrast
transfer function discussed in electron optical systems like the TEM? Spence, 6 writes an expression for
the wave at the focal plane as the Fourier transform of the product of the back focal plane amplitude
and the contrast transfer function. This is exactly the same mathematical construct as equation 2.1 on
page 7 of this chapter. The point spread function of Fourier optics is the contrast transfer function of
Spence. However, in a TEM we are dealing with a series of lenses and so the incident electric field is at
the back focal plane of the objective lens. Similarly, Williams and Carter 7 use the same term, point
spread function. Except the psf of Williams and Carter is modulated by the aberration of the lens,
something not considered in our introduction of the psf. Finally, in a later chapter, high resolution TEM
will be discussed using concepts introduced in yet a third and perhaps most rigorous text by Fultz and
Howe. 8 They discuss the same contrast transfer function approach. More on discussion of the contrast
transfer function will occur when we study HRTEM in a later chapter. For now, we just take heart in the
fact that the machinery we are building here will be used later.
The concepts of spatial frequency is super important for HRTEM and dark field TEM so we are
going to review what we have learned about spatial frequency and give some practical real world
examples like the deblur function used in image processing like Adobe Photoshop. Spatial frequency
was introduced in figure 2.2 and mathematically they are for a lens system,
u=

𝑥𝑥

𝑓𝑓𝑓𝑓

, and v =

𝑦𝑦

𝑓𝑓𝑓𝑓

.

High spatial frequencies come from plane wave’s incident at high incidence. The dimensions are inverse
distance and this makes the dimensions of our Fourier transforms work out. In a class in Fourier
transforms you will learn that to make a well confined result the input, or breadth of spatial frequencies
has to be very large. The extreme example is the Fourier transform of a constant that is the delta
function. The constant represents every possible spatial frequency. We see that below in figure 2.8.

J.C.H. Spence, “High-Resolution Electron Microscopy”, Oxford Science Publications, 3rd Edition, page 56
D.B. Williams, C.B. Carter, “Transmission Electron Microcopy A Textbook for Materials Science” Plenum press,
1996 pp 459-460.
8
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pp 521-586.
6
7

Figure 2.8 The delta function is the sharpest function in real space and it is a representation of the broadest function, a constant
in reciprocal space. Or, it is composed of every spatial frequency.

The concept of spatial frequency will become clearer as we run through some examples.
Example one of spatial frequency is the concept to super resolution. We can do this with a lens
system or electronically. A sketch of the process as done with a lens and a hard aperture to block the
central diffraction pattern appears below in figure 2.9.

Figure 2.9 A blocking aperture is placed at the focal point of a lens to block the low spatial frequencies in the object. A
subsequent lens, not shown, re constructs the image into an image with super resolution, although noisier.

The scheme shown above is one of many spatial filtering examples that are applied in modern
technology to process images and or extract information. There are entire texts written on the topic of

spatial filtering. 9 On an industrial project that I work on we use a high frequency spatial filtering
technique called “unsharp masking.” The “unsharp masking” algorithm passes the low frequency parts
of the image with a Gaussian blur then a difference is formed between two times the high spatial
frequency and the low spatial frequency blurred image. The result is a sharper image without
introduction of noise. A more complicated example, where we clean up a multi-mode laser beam into a
single mode through the use of spatial filtering, appears at the end of this chapter. Other examples
from optical processing are covered elsewhere. 10
Without realizing it, the objective aperture inserted into the back focal plane of the objective
lens in a TEM is a spatial filter. In the case of dark field, it allows through only certain spatial
frequencies, diffraction planes, and so the image observed is just an image of grains in the material with
that specific crystallographic orientation. An illustration of dark field operation in the TEM is given
below in figure 2.10.

Figure 2.10 Action of an objective aperture is similar to a spatial filter. In this, only one higher spatial frequency (one diffraction
plane) is selected to form a dark field image. This is "dirty" dark field. On the Titan at OSU we use tilted incidence.

The objective aperture is placed in the back focal plane of the objective lens limits the spatial
frequencies of the resulting image but it can dramatically increase contrast. As mentioned in the figure
caption, this is an example of displaced aperture dark field or “dirty dark field.” It is given the
disparaging name because in moving the aperture we are forcing the beam to be imaged through the
non-paraxial region of the intermediate and projector lenses that follow. This can lead to images that
are “dim” or lack intensity as the non-paraxial paths are less efficient. A better approach if you have it,
and we do at OSU, is tilted incidence dark field that instead uses a deflector in the condenser area to tilt

9
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E.G. Steward, “Fourier Optics An Introduction,” Dover, second edition 2004, pp 99-136.
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the beam. Images formed with this tilted incidence dark field are in general much brighter and will give
you a chance at successful implementation of weak beam dark field, to be covered in a later chapter.
Now that we have seen simpler examples of spatial filtering, we will look at the more
complicated examples and then go through all the mathematical steps involved in cleaning up a dirty or
multi-mode laser beam- a technique the author learned from coworkers that developed holography
systems to inspect assembly line parts in real time for industry in the mid 1980’s. We need to introduce
the so called “4f” spatial filter. 11

Figure 2.11 A "4f" spatial filter schematic. The spatial frequencies of the object are selected by the spatial fitter and a cleaned
up image is formed at the far right.

The spatial filter system depicted above can not only clean up an image by inserting a low pass spatial
filer at the middle position (between the two lenses), an optical correlator can be built by using an active
spatial light modulator at the spatial filter position. In so doing, the spatial filter is replaced by a
transparent display hooked to a map of all the spatial frequencies in a object that is to be recognized. If
the object is present at very bright spot (autocorrelation) should appear on the far right. This is an
optical image recognition system that works in real time. 12
Motivated by the fact that many texts omit the details of the mathematics that go into spatial
filtering a worked example is provided where a laser beam with many cosine like ripples in the beam
profile (multi-mode) is cleaned up to a single mode such as transverse electromagnetic (TEM 00) with a
narrow pass spatial filter, a pinhole filter in the diffraction plane. The basic outline of Adams and
Hughes is followed but more detail of the mathematical manipulations is shown particularly the

C.S. Adams and I.G. Hughes, “Optics f2f from Fresnel to Fourier” Oxford, 2019 pp 163-167.
Many US patents exist on optical correlation technologies, see US patent office and search on optical correlator
or type in one of the many numbers: 4,932,741, 5,311,359, 10,140,720 to list just a few.

11
12

convolution integral. We consider a nearly Gaussian beam multiplied by small cosine “wiggles” of
period d. That is for the input function,
f(x’,y’) = 𝑒𝑒 −(𝑥𝑥

2 +𝑦𝑦 2 )/𝐴𝐴2

(1 + εcos(

2𝜋𝜋𝜋𝜋
𝑑𝑑

)) . The x, and y should be primed. The result is reproduced below

with A = 2.5, ε = 2, and d = .5 in figure 2.12. Note that the figures shown in Adams and Hughes for this
function look to be a squared cosine function.

Figure 2.12 A noisy Gaussian that will serve as our input function for the laser beam clean up. The Gaussian width is five times
the period of the cosine.

Now we rewrite our Fresnel equation in the form or infinite plane wave summations, equation 2.1`
Fourier form,
Ef =

𝐸𝐸0 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

FT{f i (x’,y’)}(u,v)⨂psf(u,v).

We make use of this because now our input f(x’,y’) is a Gaussian times the cosine function and would
prove difficult to integrate without the inverse convolution of equation 2.1. We are breaking a hard
problem into two much easier problems.
FT{ f i (x’,y’)}(u,v)= G(u,v) ⨂𝐻𝐻(𝑢𝑢, 𝑣𝑣)
Where G(u,v) = FT{𝑒𝑒 −(𝑥𝑥

2 +𝑦𝑦 2 )/𝐴𝐴2

∞

2 +𝑦𝑦′2 )/𝐴𝐴2

} = ∬−∞ 𝑑𝑑𝑑𝑑′𝑑𝑑𝑑𝑑′𝑒𝑒 −(𝑥𝑥′

𝑒𝑒 −2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋′ 𝑒𝑒 −2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋′ =

𝜋𝜋

𝐴𝐴2

2

𝑒𝑒 −𝜋𝜋 (𝑢𝑢2 + 𝑣𝑣 2 )𝐴𝐴2

And, now the second half, H(u,v) = FT{1 + εcos(

2𝜋𝜋𝜋𝜋
𝑑𝑑

1

)}; use Euler’s identity: cos(Ѳ) = {𝑒𝑒 𝑖𝑖𝑖𝑖 + 𝑒𝑒 −𝑖𝑖𝑖𝑖 } and the
2

definition of delta function as the FT of unity to arrive at
1

1

1

H(u,v) = δ(v){δ(u) + ½δ(u- ) - δ(u+ )}. And then perform the convolution.
G(u,v) ⨂𝐻𝐻(𝑢𝑢, 𝑣𝑣) =

1

√2𝜋𝜋

𝑑𝑑

∞

2

𝑑𝑑

1

2

1

1

∬−∞ 2𝜋𝜋𝐴𝐴2 𝑒𝑒 −𝜋𝜋 (𝑢𝑢2 + 𝑣𝑣 2 )𝐴𝐴2 δ(v-v’){δ(u-u’) + ½δ(u –u’-𝑑𝑑) -2δ(u-u’+𝑑𝑑)du’dv’

And now we apply the spatial filter, instead of integrating from minus infinity to infinity we change our
limits of integration to -1/d and 1/d (putting a narrow pass spatial filter in the first focal point of lens 1 in
figure 2.11.

G(u,v) ⨂𝐻𝐻(𝑢𝑢, 𝑣𝑣) =

1

√2𝜋𝜋

1

1

2

1

1

∬𝑑𝑑1 2𝜋𝜋𝐴𝐴2 𝑒𝑒 −𝜋𝜋 (𝑢𝑢2 + 𝑣𝑣 2 ) 𝐴𝐴2 δ(v-v’){δ(u-u’) + ½δ(u –u’-𝑑𝑑) -2δ(u-u’+𝑑𝑑)du’dv’.
−

𝑑𝑑

Recall, just to remember what we are integrating, u =

𝑥𝑥

𝜆𝜆𝜆𝜆

,v=

𝑦𝑦

𝜆𝜆𝜆𝜆

. And 1/d is the fringe spacing u 0 . The

delta functions with the larger arguments are out of the range of the limits of integration, our spatial
filter and so we have a simple answer.

G(u,v) ⨂𝐻𝐻(𝑢𝑢, 𝑣𝑣) = √2𝜋𝜋𝐴𝐴2 {𝑒𝑒 −𝜋𝜋

2

(𝑢𝑢2 +𝑣𝑣 2 )𝐴𝐴2

. Or in other words a simple Gaussian results!

The field in the output plane, remember output plane corresponds to z = 4f, four focal lengths, is then
given by

Εf (x,y)= E 0

𝑒𝑒 2𝑘𝑘𝑘𝑘𝑘𝑘
𝑖𝑖𝑖𝑖𝑖𝑖

FT{g(x,y) = E 0

𝑒𝑒 2𝑘𝑘𝑘𝑘𝑘𝑘 𝑒𝑒 2𝑘𝑘𝑘𝑘𝑘𝑘
𝑖𝑖𝑖𝑖𝑖𝑖

𝑖𝑖𝑖𝑖𝑖𝑖

𝐹𝐹𝑇𝑇 −1 {G(u,v) ⨂𝐻𝐻(𝑢𝑢, 𝑣𝑣)}

The last transform is really an inverse transform as we are going back from spatial frequency, u, v, to
real space x, y. The hardest part of Fourier optics is to keep track of all the factors of 𝜆𝜆𝜆𝜆 and where
exactly you are, which focal plane you are in. The exponential terms in like

𝑒𝑒 2𝑖𝑖𝑖𝑖𝑖𝑖 , will cancel out when you take the complex conjugate to form the electric field squared, but the
factors of 𝜆𝜆𝜆𝜆 will get you and you must keep track of them or else you will get an incorrect result, voice
of experience. However, we can ignore keeping track of the –x,-y (Guoy phase) that occur when the
image is inverted as we are dealing with a function that is cubic in x, y.
𝑒𝑒 4𝑘𝑘𝑘𝑘𝑘𝑘

∞

Ε4f (x,y)= E 0(𝑖𝑖𝑖𝑖𝑖𝑖)2 (𝜆𝜆𝜆𝜆)2 ∬−∞ 𝑒𝑒 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝑒𝑒 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 √2𝜋𝜋𝐴𝐴2 𝑒𝑒 −𝜋𝜋

2

(𝑢𝑢2 +𝑣𝑣 2 )𝐴𝐴2

dudv

∞

But ∫−∞ 𝑒𝑒 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝑒𝑒 −𝜋𝜋
∞
∫−∞ 𝑒𝑒 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋

𝑒𝑒

E f (x,y) = -E 0

2 𝑢𝑢2 𝐴𝐴2

−𝜋𝜋2 𝑣𝑣 2 𝐴𝐴2

dv =

du =
1 1

√𝜋𝜋 𝐴𝐴

−𝑥𝑥2

1 1

√𝜋𝜋 𝐴𝐴

𝑒𝑒

−𝑦𝑦2
𝐴𝐴2

𝑒𝑒 𝑖𝑖𝑖𝑖4𝑓𝑓 √2 −(𝑥𝑥 2 +𝑦𝑦 2 )/𝐴𝐴2
𝑒𝑒
.
1 √𝜋𝜋

𝑒𝑒 𝐴𝐴2

13

similarly for the integration over v

Where the dimensions are now correct as all of the λf factors and A

(Gaussian width) factors cancel out. It is always a good idea to check that dimensions of your answer
make sense. Again, first time through this problem I did not do the inverse transform correctly leaving
me with an extra lambda times focal length in the denominator. When we form the intensity we recall
that we must take complex conjugate. That is now done.
2

Intensity = E*E = E 0 2 𝑒𝑒 −2(𝑥𝑥
𝜋𝜋

2 +𝑦𝑦 2 )/𝐴𝐴2

.

And a Gaussian is the final answer, we cleaned up or beam with the spatial filter. The plot of this new
Gaussian is given in figure 2.13.

Figure 2.13 The resulting simulated laser beam after cleaning up the noise peaks with a pinhole spatial filter. Compare with the
dramatic noise in figure 2.12.

Note that the Intensity, electric field squared, is plotted in figure 2.13 whereas the electric field is
plotted in figure 2.12 and that is why the plot of the above figure is a bit narrower. Other than the

13

I.S. Gradshteyn, I.M. Ryzhik, “Tables of Integrals series and products Academic press, 1980 section 17.23

problem with the pre exponential factor the exercise is complete, we can clean up a beam in the
diffraction plane by placing spatial filters in the way.
We have reviewed the basic concepts of Physical optics, summing Huygens wavelets as Fresnel
did and then later replacing the Huygens wavelets with the more computational friendly via convolution
theorems of Fourier transform. We have also learned that the contrast transfer function of electron
optics is really the point spread function of physical optics. And the final similarity between optics and
electron optics is that apertures (spatial filters) are placed in the diffraction plane of lenses to change
the appearance of images. In the case of the transmission electron microscope, the objective aperture
is a spatial filter that is selecting certain spatial frequencies. The concepts discussed here will be called
on time and again in later chapters on high resolution transmission electron microscope and diffraction.

See next page for useful Appendix

Appendix 1 of Chapter 2, Matlab code

Script to plot Jinc, first order Bessel.x and Aiy disk, Jinc^2
x = linspace(-20,20,2000); % creates values for x
plot(x,((besselj(1,x))./x).^2,'c*') %./ indicates array division
hold on
plot(x,((besselj(1,x-4))./(x-4)).^2,'r*')
title('Airy disc or square of Jinc in cyan and Jinc displaced red')

display('hit any key to continue')
pause()
% pause and wait for user to hit a key
% plot(x,((besselj(1,x-4))./(x-4)).^2 + (besselj(1,x)./x).^2,'k+')
% plot(x,((besselj(1,x*1.02))./(x*1.02).^2 + (besselj(1,x)./x).^2,'k+')
plot(x,2* ((besselj(1,x-4))./(x-4)).*(besselj(1,x)./x),'k+')
% This plots the cross product term in black
hold off

% This takes graphics hold off so new plots are in new window

function to plot a noisy Gaussian then hit continue to plot
cleaned up Gaussian

function [x,gauss,noisy] = gaussy(width,cos_width,amp_noise)
% IO format [x,gauss,noisy] = gaussy(1,1,2)
% for more cosine fringes: [x,gauss,noisy] = gaussy(1,.5,2)
% width = 1;
% cos_width = .5;
% amp noisy = 2
x = linspace(-20,20,2000);
% now compute gasussian
gauss = exp(-(x.^2/width));
%now add noise
% amp_noise = 2;
noisy = gauss.*(1+amp_noise*cos(2*pi.*x/cos_width));
% this adds cosine "noise" to the gaussian.

plot(x,noisy)
pause()
display('hit any key to continue')
plot(x,gauss)

Appendix 2 some useful FT pairs:
∞

𝑥𝑥

FT{gauss( ) = ∫−∞ 𝑒𝑒 −2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝑒𝑒 −𝑥𝑥
𝐴𝐴
∞

2

2 /𝐴𝐴2

𝑑𝑑𝑑𝑑 = √𝜋𝜋𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝜋𝜋𝜋𝜋𝜋𝜋) = √𝜋𝜋𝐴𝐴𝑒𝑒−𝜋𝜋
2

FT-1{√𝜋𝜋A𝑒𝑒 −(𝜋𝜋𝜋𝜋𝜋𝜋) } = ∫−∞ 𝑒𝑒 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝑒𝑒 −(𝜋𝜋𝜋𝜋𝜋𝜋) 𝑑𝑑𝑑𝑑 =
Typically u =

𝑥𝑥

√𝜋𝜋𝐴𝐴 −𝑥𝑥 2 /𝐴𝐴2
𝑒𝑒
√𝜋𝜋𝐴𝐴

= 𝑒𝑒 −𝑥𝑥

2

𝑢𝑢2 𝐴𝐴2

2 /𝐴𝐴2

𝑓𝑓𝑓𝑓

A is Gaussian width
𝜌𝜌

FT{circ( )}(u,v) =
𝐷𝐷

𝜋𝜋𝐷𝐷2
4

JInc(πwD)

Typically, ρ = �𝑥𝑥 2 + 𝑦𝑦 2
W = √𝑢𝑢2 + 𝑣𝑣 2
U=

𝑥𝑥

𝑓𝑓𝑓𝑓

,v=

𝑦𝑦

𝑓𝑓𝑓𝑓

with dimensions =

1

𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ

∞

δ(u) = FT(1) = ∫−∞ 𝑒𝑒 −2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 𝑑𝑑𝑑𝑑
∞

f(u) = ∫−∞ 𝑓𝑓(𝑥𝑥′)𝛿𝛿(𝑢𝑢 − 𝑥𝑥′) 𝑑𝑑𝑑𝑑′ delta function convolved with any
function results in an unchanged function. Sifting property of
the delta function.
The delta function is not single valued but it is normalized.
∞

∫−∞ 𝛿𝛿(𝑥𝑥′) 𝑑𝑑𝑑𝑑′ = 1

Since it is not single valued, if your solution has delta
functions in it, I will mark it wrong. If you solution has
delta functions in it, then it is a clue that you forgot to
integrate out the singularity that is the delta function. Most
likely you misunderstood the inverse convolution theorem.
Finally, Inverse convolution theorem:

FT{g(x)h(x) = G(u,v) ⨂𝐻𝐻(𝑢𝑢, 𝑣𝑣)

convolution is not a product.

an important short cut, but the
It’s the integral of a product:

∞

g(𝑥𝑥)⨂ℎ(𝑥𝑥) = ∫−∞ 𝑔𝑔(𝑥𝑥 ′ )ℎ(𝑥𝑥 − 𝑥𝑥 ′ )𝑑𝑑𝑑𝑑′; convolution or folding (faltung).
∞

G(u) ⨂𝐻𝐻(𝑢𝑢) = ∫−∞ 𝐺𝐺(𝑢𝑢′ )𝐻𝐻(𝑢𝑢 − 𝑢𝑢′ )𝑑𝑑𝑢𝑢′ ; 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑎𝑎 𝐻𝐻(𝑢𝑢)𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓.

